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O ■ Abstract 

o 

We develop a method in which it is possible to calculate one loop correc- 
tions to the noncommutativity parameter found for open strings in a back- 
ground Fpv field. We first reproduce the well known disk results for 8^. We 
then consider the case of charged and neutral open strings on the brane, and 
show in both cases that the result is the same as in the disk case, apart from 
a multiplicative factor due to the open string tachyon. We also consider the 
case of open strings stretched between two branes and show that our method 
^\ ■ reproduces known disk results. 
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1 Introduction 

In the past few years there has been much activity exploring the stringy ori- 
gins of non-commutative geometry, fl], |], H H, H Most of this activity has 
been done by considering a bosonic string in an antisymmetric background 
with the disk topology and examining the corresponding commutators of the 
X^ fields. Broadly speaking there are two approaches in the literature; one 
is to find a mode expansion for the X fields which is orthogonal and con- 
sistent with the boundary conditions induced by the background field, and 
after calculating the commutator of the mode coefficients using this to work 
out the full commutator between the Xs || |5|, f|, |7|], while the other is to 
calculate an exact propagator for the bosonic excitations in the background 
and directly from that read off the commutator [|[]. Both of these methods 
are effective, and give the same answer for the non-commutativity induced 
by the background field. However, neither generalizes well to higher topolo- 
gies, such as the annulus. In the case of the operator approach, it relies 
on particular assumptions of similar block diagonal structures for the gauge 
fields on different branes, while exact propagators in the presence of an F^ u 
background are complicated for higher genus topology. || |9| . 

With this in mind, we offer a slightly different way of deriving the non- 
commutativity parameter for a bosonic string in an antisymmetric back- 
ground. We show that this method of calculation reproduces the known 
results for the disk, and proceed to calculate annulus level corrections to 
non-commutative geometry via an obvious generalization. While many as- 
pects of the annulus geometry are discussed in the literature, for example 
l fL0| , PI , [T!| , this method produces new higher order corrections. The proce- 
dure is as follows: Since the Lagrangian for a string in a background field 
is 

S=f^[ dadT^g ab d a X»d b X, + l -j dTF, u X»d T X% =a (1) 
Ana' J 2 JdT, 

we treat the interaction with F^ as a perturbation, and find the modification 

to the propagator due to N interactions with this background. We then 

perform the sum over N to obtain an exact propagator and then using the 

prescription, due to Seiberg and Witten, |I[, that 

[X"(r), X"(t)] = Hmr(X"(r)r(T - e) - X»{t)X»{t + e)) (2) 



where T represents time ordering, we calculate the commutator, and find a 
non-trivial relation. 



2 The Disk 

In the case of the disk it is well known that the free Green's function is |U 

G^(z,z') = -a'ln\z-z'\\z-z'- 1 \5^. (3) 

Using the parameterization z = pe^, with p G (0, 1) and G (0, 2tt) the 
propagator can be re-written on the boundary as 

° cosm(<b — A> ' 



CT{e^, e*) = 2a' ]T ^"^ y V ". (4) 

m=l m 

Keeping in mind that the interaction term is 

L *nt = \j 'dtF^X^X", (5) 

it is clear that the contribution to the propagator due to N interactions with 
the background field is 

G%(z,z') = {F N Y V Jd6 1 ...d6 N G(pe i<t) ,e iei ) 

xd ei G(e iei ,e^) . . . de N G(e ie ^ p'e^'). (6) 

Using (^) and (§) in the above, and noting that the integrals become trivial, 
we find that 

<*(,, ,o = «- ( ( -wF)»r f £wv--) { ~ : ::» N N r/; } 

(7) 
So, summing over iV, the full propagator taking into account the background 

field is 
rvt * >( 1 Y U ^ (PPT + (P/PT ,, ,,, 



m=l 

~ a hi fo — ^W 2^ smm(0-0) 



(8) 



Now, applying this to (0) we see that 

ryMy v, ,- o ,( ~ 2 ™' F Y U ^ (PPT + (P/PT ■ (Q , 

\X^,X = hm2a ; — — > sin me. (9) 

L ' J *-o \l-(27ca'F) 2 J ^ m K ' 

In the case that p and p' are not both on the boundary (where they would be 
equal to 1) the pp' term converges to something proportional to tan -1 ( ^ s ?i J , 
which vanishes in the limit e —>■ 0, with something analogous happening to 
the other term. Thus, we see that the only non-vanishing contribution comes 
from p = p' = 1, and so in that case 



Now, using 2 X) m smm:E = n — x, this gives 

r-y-f Y^l — <W™' I I 

(2-rra'F) 

the 
field on it, in agreement with previous results. 



\X^ X v ] = 2na' F^^7 (11) 

as the commutator for the coordinates on the D-brane with a constant F^ u 



3 The Annulus 

For the annulus, more care is needed, but we proceed in analogy with the 
above development. There are, in general, two situations that must be con- 
sidered, the first is the case where both ends of the open string end on the 
same D-brane, in which case it provides a one loop correction to the non- 
commutativity parameter calculated previously, and the second is where each 
end is on a distinct D-brane. 

The free Greens function for a boson on an annulus of inner radius a, and 
circumference 2ir can be shown to be 

Cr(pe»f/e«) = P- { E cos ^ cos ™ ln p ' C ° S ^ - *'} 

^ mrlnp nnlnp' /lna\ \ .„„ ,_„, 

+ £cos-— ^cos-— ^ — U"", (12) 

~^ ma ma \nir J I 



which is equivalent under the identification z = pe % ^ to the Greens function 



for the annulus given in M, 1 1 



Now, using a technique that follows pi we note that for z and z' both on 
the boundary of the annulus, the Greens function can be compactly expressed 

as 

OO 1 

m 



G^(<f), (J)') = 2a' J2 — G m cosm(0 - 0')^, (13) 



m=l 



where 



(An B m \ l + a 2m 2a™ 

m "U m Aj' Am ~ 1-a 2 -' m ~ l-a 2m ' [ ' 

Similarly, the propagator between an arbitrary point on the annulus, z, and 
a point on either edge, parameterized by 0, can be given by the row vector 



G - (pe <V) = £■ £ E ^ cos^,cos^(-l)» o-, 

\ In a / 

(15) 
and interchanging the arguments gives the transpose of this. Note that in 
this language, the interaction is given by 

L int = \J d<pn^x»d^, sv = ( Fl f F ° J , (16) 

where F\ and F2 are the field strengths at the distinct ends of the brane. 

We first consider the case of an annulus diagram for a string attached at 
both ends to the same D-brane. The interaction of a bosonic string with a 



background field is equivalent to a Wilson loop inserted at its boundaries JT5 
and since the background is a constant field the orientation of the Wilson 
loop determines the sign of the charge at the endpoints of the string. There 
are apparently two inequivalent scenarios for this topology, the loops could 
be identically or oppositely oriented, corresponding to the cases of charged 
and neutral strings. 

3.1 Annulus Corrections: Charged String 

The charged string corresponds to the case of identically oriented Wilson 
loops, and therefore, we have Fi = F 2 = F. It is also important to note that 
there are contributions to the commutator from both ends of the string, and 
between opposite ends, since they all end on the same brane. 



As in the case of the disk, we calculate the correction to the propagator 
due to N interactions with the background, and find it to be 

NKH ,y ' v ln 2 a^ ' ^ m \ cos m(<j> — <j>') N even J 

1 (_ wrlnp rrnlnp, lNn \^jv_i 



x E -T^ cos ^, cos ^p(-l)" G m 

,2 i [wr\ \ ma ma / 



n rn^ 

\ in a y 

n'vrlnp 



1 / COS • 



X ^ ,2 + f^L\ 2 l COS^T-D"' I ' (17) 



n' 777, + -, \ In a 



We find upon calculation that 

G&VV*') = G% u (ae ilt) } ae^) 



N+l 

a 



l + a m ) 2N+2 



^ ' V 1 — i 

_l_(l _ a m ) 2N+2 } Y — { sinm ^ ~ $) N odd X 
J _i m I cosm(0 — 4>') N even J 



while 

G^(e^,ae^') = G^(ae^,e^') 



'^•W f zrN\ flu 



a'(-2a'Ti) N F 



1 -a 2m 



AT+1 



'1 + a 



m\2N+2 



-, _ mN2Af+2l \^ J_ / S inm (0 - 0') ^ odd 



m=l 



m 



cosm(0 — 0') N even J ' 



(19) 



The obvious generalization of (0) is to sum the commutators when the 
fields are at the same ends of the string with those where the fields are at 
opposite ends of the string, since the ends are on the same brane. In other 
words, to calculate 

[X^X V \ = i([X^(l),X'(l)] + [X^(l),A-(a)] 

+ [X», A^(l)] + [X»,X»]) . (20) 



We thus find for a fixed value of a that 



[X»,X U ] 



E EB2 



TV oddm=l 
oo 



e->0 v 



a 



AiV+1/ 



■7T 



\iV 



(T(i±3 



m x 7V+1 



sm me 



m 



V lim2a - 
f^ *-* I 1 



-2na'Fk 2 



[XV 



m=l 



(2na'Fk) 2 



sm me, 



771 



(21) 



where k 



l+a m 
l-a m ' 



Now, to calculate the full commutator, it is necessary to integrate over 

so 



the Teichmuller parameter, with the measure as given in |13|, [16 

r 2 



r 1 da °° / 

[X^,xn = / — yiim2a' - 
Jo a i^e-o [l 



-2ira'Fk 2 ' 
- (27ra'Fk) 2 



7/7 



sin me. (22) 



We note that i 7 ^ can be block diagonalized, and concentrate on one block: 
X 2l ,X 2l+l . After trivial manipulations, we have 

-ida ~ ,. n ,2 . f3 l + 2a m + a 2m 

— > lim2a — sinme- — r , a2S 

" ^ '-" " l + /? 2 i + a 2 --2a m (i^) 

(23) 



t^2j y2j+l 



o a — !^o m 



where /3 = — 2ira'F, and F is the field strength in this particular block. 
The m dependence in the integral can be accommodated by the change of 
variables, noting that — = — ^ ' ' and this gives 



a ma 

oo 



-^27 1^27+1 



> lim2c/ — sinme 

^i «-»o m 1 + /3 2 



777 



2 2 1 — B 2 

lnx|^ + -tan- 1 /5+-tan- 1 ^- 



• (24) 



Clearly, the only term that is divergent is the term lnx, and if we change the 
original lower limit of integration to 5 — > and so change the lower limit on 
x to 5 m , we obtain for this particular block 



y-2i -^27+1 



2na 



, P 



limln 



1 



l + /3 2 <5-0 «$' 

and since the other blocks will have the same structure, we find 



[XI*, X v ] = 2na' 



-2na'F 



[IV 



1 



, , limln 
1- (2ira'F) 2 J s^o 6 



(25) 



(26) 
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The coefficient of the divergent part is exactly the same as in the case of the 
disk, and the divergence is interpreted [17 as coming from the open string 
tachyon. 

3.2 Annulus Corrections: Neutral String 

The case where the two Wilson loops are oppositely oriented gives the neutral 
string. Because of this in equation flIS|) we have F\ = —F 2 = F and the 
analog of equation (|17D is 

G%(pe»f/e«) = (-2a>nf^f- (f^Y" £ 1 ( ^f ~$ * ° M ) 
Nyr ' K ' K ln 2 a v ' ^m [cos m(4>- (f)') N even ) 

rnr In p nir In p 



xV C os ^^1, cos ^^(-1)" 

^ ,2 + (ml) \ In a lna v ; , 



n 777/ 



In the above, f2 = ( ) , which is the field strength independent part of 

the interaction vertex. Upon diagonalizing G m Q we find that 

G^(pe^p'e^) = {-2a><K) N ^- (f n Y U £ 1 ( **"** ~ § * ° M \ 
NKH ,H ' v ln 2 a^ i ^m I cos m((f) -(f)') N even J 

v^ 1 / n7rlnp rarlnp, n . \ 

x) ? cos— -,cos — -(— lr 

n m 2 I | "" ) \ lna ma / 

\lna/ 

/ 1 \ / 1 -a m \ / 1 W 1 -a m \ 

X \0 -l)\a m -lJVo (-lpJla™ -1 J 
1 \ _ 1 / cos ^f^ \ 

X ' ^^) ^ ™2 + fn^y [ COS 2^" -1 W-' ) (2S) 



n' m z + ^ V W ° lna 



As in the case of the charged string, since the ends of the string terminate 
on the same brane, it is necessary to sum the contribution of all possible com- 
mutators to determine the total commutator. However, the above equation 
has a structure that is easy to analyze: the commutator of crossover terms, 
like [X^(l),X v (a)\ explicitly vanish, and [X^(1),X V (1)\ = - [X> i (a),X v (a)], 



so the annulus level commutator for a neutral string explicitly vanishes. In 
retrospect, this is not a surprising result. As shown above, for a charged 
bosonic string the commutation relation at annulus level consists of a con- 
stant, identical to that for the disk level calculation multiplied by the tachyon 
divergence. It is trivial to see that for an uncharged string there is no disk 
level contribution to the nontrivial commutator because the uncharged string 
does not couple to the background field, and we show that this property per- 
sists at one loop. 

3.3 Annulus Corrections: Distinct Branes 

We now examine the most general case, that of two distinct branes with 
independent background fields on each. Following the analysis of the pre- 
vious sections, we find that the correction due to N interactions with the 
backgrounds is 

NyH " ' y ' In 2 a ^ml cos m((f) - (f)') N even) 

El / nil In p nirlnp 
cos— , cos 

V In a 



ajv-i^ 




A u L \^X '[Yi • • • \_JT Yf) " " 



Since the two branes are distinct, it is only sensible to consider the com- 
mutator between X fields at the same end of the string. Explicitly we find 
that 

" v ' v ' ^ m I cos m((f) - (f) ) N even 

x J^ (cothm In a, cschm In a) fi Mai G m . . . 

n 

xG n a N ^u(cothm\na\ ,_ 

m V cschm In a J ' 



We consider this in the limit of a — > 0, which corresponds to the disk ampli- 
tude. In this limit, we have 

nt^iM J4>'\ fo„'\N+if \jv/ ipN\au v^ I" sin m( d) — (t>) N odd 



m=l™ 



cosm(0 — 0') iV et>en ' 

(31) 



so on the first brane, 



i- 1 " 



^■ jf i =w ( i-"£S l) , j ■ < 32 > 

Similarly, it is clear that in this limit on the second brane we have 

^^^( i-w f' (33) 

The cross terms are clearly zero. This result reproduces and generalizes that 
found in for noncommutativity on the ends of branes. It is important to 
note that this result does not rely on any relations between the two fields on 
the branes, in particular, they do not need to have the same block diagonal 
form. 



4 Conclusion 

In this paper we have shown a method for calculating the disk and annulus 
contributions to noncommutative geometry. In particular, we have shown 
that the contribution from the higher order annulus diagrams is that which 
comes from the disk, multiplied by the tachyon divergence. The benefits 
of the method presented are that it does not depend upon any particular 
properties of the background, other than the fact it is constant. 
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